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Abstract

The present notes provide exclusively a synthesis of the formalism presented in the lecture
series “Quantum Field Theory” (part of the Major Course “Statistical and Quantum
Mechanics”) at the 1st year Master General Physics of the Paris-Saclay University. In
these lectures, I provide a progressive introduction to the so-called second quantisation,
for the simplest case of a scalar field (spinless). All the non-trivial calculations, including
their intermediate steps, are performed explicitly. There are several ways to treat the
second quantisation: the canonical quantisation is presented in these lectures. The final
goal is to be able to calculate the transition amplitude for the simplest 1 — 2-body
particle decay, at the level of one loop with respect to quantum corrections.
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Motivations

Quantum Mechanics must be extended to (special) relativity framework: “like: E? =
2 2 2 4»
— consider relativistic fundamental equations prci+mic
— be able to write a covariant formalism “V(z,t) non
. C . . . lativisti
— go beyond the untenable potential description [implying the transfer of information relativistic
o — V(g(z"))
at an infinite speed].
non relat.
. : : : S . via ¢(x)”
The Quantum Field Theory (QFT), introducing the creation/annihilation operators in a
Fock space (second quantisation), is more formal and complete than the sole perturbation
theory applied to relativistic quantum mechanics [PNU Major]. It
e allows a systematic reaction amplitude calculation for any Feynman diagram “including
t
e includes the possibility of absorption/creation of any elementary particle duadt u.m
corrections

e represents a ‘natural’ extension from the point of view of the universal Analytical at the loop

Mechanics (Lagrangian and Hamiltonian approaches): level”

Overview of the fundamental variables and equations

Classical Physics [z,/p, ]
EOM: 2nd Newton’s law
(=V'(x) =mi)

L(z,&,t) =T -V Ist =

= {p(t), ()}, H(z,2,1)
— EOM
H (real) = Energy values.

‘new variables’

Relativistic Quantum
Mechanics [¢/ /A", 9,6, 2]

EOM: Klein-Gordon/Dirac equat.
(20" +m?) = 0, $ah): field)

L(¢,0u9)
= {m ("), o(z")}, H(o, 0ud)
— EOM

H (real) = Energy densities [f(¢)].

2nd =

Quantum Mechanics [X, P, ]
EOM: Newton’s law <> Schrédinger equation
(EOM (X, P,t) & H¢ = ihdyp, H in H)

LX,Pty=T-V

[P(t), X (1), H(X, P.t)

EOM

Real H eigenvalues (fl T=H ) = Energy values.

Quantum Field Theory [¢,d,¢, z"]
EOM: Klein-Gordon equation

((8,0" +m?)¢ =0, HV = ihd,¥, H in F)
£(6,0,9)

[7(z"), p(a¥)], H(; Oud)

EOM

Real #{ eigenvalues (H! = #H) = En. densities.




1 Fundamental physics overview from analytical mechan-

ics

1.1 Classical physics

The standard context of rigid body coordinates covers point-like systems (localisable at
a given position, say x or q).

A non-relativistic and classical (non-quantum) system is described by variables (pos-
sibly spatial coordinates) noted here ¢,(¢) [r = 1,2,...] and time derivatives (could be

velocities) ¢, (t).

1.1.1 Principle of least action

The Lagrangian (L) mechanics introduces the so-called action (defined mathematically

as a functional): t
Alg) = /;dtL (qru),q'r(t),t) . M)

Least action principle: Among all trajectories (dg,(t) infinitesimal variations in the
(gr,t) space) that join ¢.(t1) to gr(t2) (dgr(t1) = dgr(t2) = 0 to define the path bound-

aries), the system follows the one for which A is stationary (6.4 = 0; minimum).

This principle leads to the Euler-Lagrange equations i.e. the Equations Of Motion
(EOM), reading as

d <aL(QT(t)’(jr(t)’t)> ~ 0L(gr(1),4r(),t)
dt Ay (t) B dqy(t)

Standard (partial) derivatives (09) are used as in this result the same variables arise in

(2)

the numerators and denominators (and functions depending on the same time variable
must hold in the left and right-hand sides of the equality).

1.1.2 The conjugate momentum and Hamiltonian

The momentum ‘conjugate’ to ¢, is defined by,
pilt) = H e ®)
T

The same time variable appears in the left and right-hand sides of this equation and the
standard derivative is involved for the same variable ¢,(t) (as same t variable) in the
numerator and denominator.

Hamiltonian definition (represents the system energy as checked in Tutorials 1, Ex-
ercise 1):

H(gr(t),pr(t)) = pr(t) Gr(ar,pr) — L(gr (), Gr(ar, ), 1) - (4)
‘Eq.(3) is generally invertible for ¢,’
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Notice that p,q, uses the Einstein’s convention of implicit summation over the repeated
index r, >, prg,. Again the same ¢ variable is involved in each part of this equality. H

is real, like L.

By differentiation [in case of L(V(q(t))) in contrast with a direct time dependence
LV @), oL -
dH = ¢ dpy + prdgr — | 5— dgr + —dgr
gy dqyr
—~

. d
= P, via Eq. and %Eq.

o 2y, o

opr e

Those two equations are the Hamilton-Jacobi equations and are equivalent to Eq.
(EOM) and Eq.: this approach is the Hamiltonian mechanics, the alternative analyt-

ical branch.

= —p, (after a cancellation). (5)

1.1.3 Poisson bracket

The Poisson bracket for any pair of dynamical variables [f(¢) = f(g-(t),pr(t))] reads by

definition as,

~ 0A1(t) 9fa(t)  0f1(t) Ofa(t)
8%" (t) 8pr (t) apr’(t) aQT’(t) 7

Once more, same time variable in each term and hence standard derivatives. Einstein

{£1(0), f2(0)} = [f1, folp

(6)

convention still used on the index r [without co/contra-variance position (down/up)
notions].

Possible definition:
df_ of
dt ot

f= + [/, H]p (7)

A.M.

‘new derivative definition’

ME?
The dimension analysis can be checked for Tutorials 1, Exercise 1: % = [QTT;
: T

This definition applies e.g. to the Tutorials 1, Exercise 2, Questions b,c.

m
4-force: fH = %

Analytical formalism generalisable to special relativity: )
4-velocity: v = pt/m

where 7 denotes the time in rest frame and v = (yc, 7).

1.2 Quantum mechanics

Let us describe the path for the extension from classical physics to quantum mechanics
(to be applied in Section [1.4)), also called first quantisation.



Eq.(1) — e.g. take L(X, P,t) with Pyg(z,t) = —ihdpp(x, )

Eq.[2) — e.g. write directly the EOM(X, P,t) (no derivatives w.r.t. operators) or
the fundamental Schrodinger’s equation: H¢ = 1howo(Z,t)

Eq. — extend directly to e.g. P (same comment on the derivative)

Eq.(4) — extend directly to e.g. H= 2137; +V(X) (same comment on the derivative)

Eq.@): {..,...} = [o..,...]/ih with e.g. [2,,ps]p = 6,5 > [X;, Ps] = ilidys (from
Eq.(1) of Tutorials 1, Exercise 2, Question a) which is induced by P expression and is
nothing else but the operator form of the Heisenberg principle of uncertainty [indices

r, s for spatial dimensions] also comparable to []:I ) @] = ihd,O

Eq. — Ehrenfest theorem (having in mind that f|cjassical =< <Z>(t)|ﬁ’|gb(t) > like e.g.
| classical =< ¢(t)| X|¢(t) >) that can be demonstrated using the Schrodinger equation:

d ~ oF 1 PSPN . o .
7 S OOIFIO() > = < o >ppy> +op <L H] >g)>  with < Z]g(t) >= ¢($,t<)8)-

~

1.3 Relativistic quantum mechanics: field theory

1.3.1 Principle of least action

Relavisti tensi Yo
{ elavistic extension (a7, ...) = introduce fields ¢(z")

Quantum mechanics (¢, ...)

Action defined now as,

. 1 4 A v A v _ dffo 3 .
AC/@£<¢ (2), 8,6 (x )) /C /dxﬁ /dt(L). (9)
‘treat space/time on same footing’

Remarks:
- same z¥ in each term by definition like in Eq. with the time variable
- separate Lorentz invariances of the pieces %, Ik d*z and L
- V(2¥) non relativistic — V' (¢(x")) non relativistic via ¢(z")
- still [A] = [A] as will be seen
- ¢4 is a function of z¥ (the label A can indicate field species, spin components, gauge
group indices,...)
L is a function of ¢
A is a functional of ¢

Least action principle: Among all trajectories (§¢4 (z") infinitesimal variations in the
(¢4, ") space) that join ¢?(x¥) to ¢4 (xh) (5¢A(z}) = 5o (x4) = 0 to define the path

boundaries), the system follows the one for which A is stationary (6.4 = 0; minimum).




Induced Euler-Lagrange equations:

OL(¢(2"), 0up™ (=) _ OL(™(a"), 0u ()
9(0ue (2¥)) 994 ()

The same 4-coordinates appear in each term of this equation as in Eq. for the time

O (vA) (10)

variable (same reasons). Hence the standard derivative is involved.

1.3.2 The conjugate momentum and Hamiltonian

Conjugate momentum definition:

DL(¢" (), 0up™ ("))
04 (a”) ‘
The same 4-coordinates appear in each term of this equation as in Eq. so that the

ma(z") =

(11)

standard derivative is involved.

Hamilton density definition [dimensions correct given those of Eq. yet checked]:

1610, ma(a), T a)) = mala)d o) - £( 646 0,64 ma 6%, T
(12)
The same 4-coordinates are involved in each term of this equation similarly to Eq.(4)) and
the dependence 8M(Z)A(7TA, 4, ﬁd)A) is a general consequence of the inversion of Eq..
H is real like £ since it is defined through H = [ dxzH. Note that ﬁgbA is the new part
here from 8N¢>A.

1.3.3 Poisson bracket

Poisson bracket generalisation from Eq.@:

A = — -~ 3 5¢A(t7 f) 57TB(t7 :17) 5¢A(t7 :f) 57TB(t7 g)
(07 (t, T), mB(t,Y)]p = / d”z <5¢C,(t, 7) dmee(t,2)  Omel(t, ) 6ot z)>
= / 43z 64,63 (Z - 2) 65 6% (7 - 2)
o503z - 7)

([6)

where different coordinates & and i are considered to be generic. There is a continuous
summation on the variable z, as the discrete index C' is summed, so that no new depen-
dence arises on the right-hand side of the equation. Like in Eq.@, same time variable in
each term so that the following derivatives must be introduced. One can show through
the introduction of functional derivatives that,

3" (t,9) _ §B5®) (& — ) | 5?3(@37) 5B (7

09" (t,9) e —9. (13)

S (t, &)



Notice the non-trivial dimension analysis of this derivation.
Eq. extendable the following definition,

df . of
G ot - + [f, H]p (14)

with now f(2%) = f(da(z”), ma(2")).

1.4 Quantum field theory

The second quantisation starts from the following procedure, following Section [1.2
Eq.() — L(¢* ("), 0,04 (z"))
Eq.(10) — EOM(¢*(2¥), 8,6*(2¥) (no derivatives w.r.t. operators)

Eq.(11) — extend directly to 74 (z") = f (ngSA(x”)) (same comment on the derivative)

Eq.(12) — extend directly to H = 7a(z”)dpA(2") — L (same comment on the deriva-
tive), £ being hermitian like H

Eq. > A
[67(t, &), 7p(t, )] = iho5s® (& - )1, ({71

Eq' — taking f‘classical =< ?7(75)|F\77(t) > like e.g. ¢|C1assical =< 77(t)|(£‘77(t) > in
a new Hilbert space,

d R oF 1 I . . .
7 < nOIEMt) > = < -+ >pe)> to < [F,H] >1,0> with < Zn(t) >=n(Z,1) .

ot
(15)



2 Quantisation of the real scalar field

We study now explicitly the Sections (|1.3)) on classical field theory and (1.4]) on quantum
field theory.

2.1 The Lagrangien and its Hamiltonian

2.1.1 The actions

The lagrangian density for a classical field (wave function in relativistic context)

A= [dia e, £=3000,0 - gmie* = [(@00) — (o)) - jmie?

describes the kinematics and mass of a spinless particle. Here we consider a real field

(no charge): ¢* = ¢.
This Lagrangian density is extended for a field operator:

A= /d4x L, |L= %aﬂéaué — %m%? =

A~

(00)? ~ (VO] = ym*® (8]

N

involving an Hermitian field operator: qZ;T = gg

2.1.2 Dimensional analysis

In the natural unit system (h=c=1),

Al =[H=1=[]=[E]'=[¢] = [E] ([m]=[E]).

2.1.3 Euler-Lagrange equation

oL oL
Eq . % = 8p[

9(0,9)

} —m2¢:6p[% 5Zau¢+77]
——
oo}

Quantum relativistic equation of motion, (J+m?)¢ = 0, extended to the field operator:

(O + m?)¢ = 0| (Klein-Gordon equation) ([9)

This field operator is (must be) a Lorentz scalar: ¢(z#) = ¢/ (x'*).

10



2.1.4 Hamiltonian density

Conjugate momentum:

=—= = 0p¢p [see Section |1.3]

Quantised version:

T(p) = do¢ [see Section [1.4] ([11])
Hamiltonian density:
. 1 1 - 1
H=mgod— L= 5(8@(/5)2 + §(V¢)2 + §m2d>2 [see Section

Quantised version:

~

H= ﬁ(¢)gz§ — L= %(aqu)Q + (V) + %m%? [see Section ([10])

[N

2.1.5 Canonical commutation relation

Application of Eq.:
[6(Z,6), 7 (7, O)lp = 6T~ 7). ([6]bis)

Application of Eq. :

~ ~

[6(&,1), 7 (3, t)] = ih6® (& — i) 1. ([7)bis)

2.2 Decomposition of the field

2.2.1 Field operator expression

In terms of integrable functions (on R): any fonction can be Fourier decomposed. Hence
the field operator qg(x”) solution of Eq.([9]) can be rewritten as,

- 1

) = s [ 62 = )G (12)

We use the notation p? for the Lorentz square (or Lorentz product): p2 = p#p,. In this
equation, p* represents well the physical 4-momentum, as one can be convinced of from
the two following considerations:

(i) As in Quantum Mechanics, the Fourier transformation of the wave function (z-
representation) leads to the wave function in momentum space.

(7i) One can write the wave function as, EROLa - (Z|p*(t)), (Z|p"(t)) being eigen-
function of the momentum operator, P = —ihd;, and Hamiltonian, H = ihdy, with

respective eigenvalues p’ and p°.

11



0

x
Fourier transformation with a sign convention different for [ 0
p

2

and [ ; due to
p

the metric (+ — ——).

The introduction of §(p2 — m?) permits ¢ to satisfy the Klein-Gordon equation:

1 1 . o
(277)3/2/d4p 5(p% — m2)A(p*) (O + m?)e P +wa —

( [—ipo]Q . Ei[ipi]Q +m2)efip“:1:u

—[®°)2=2i(p")?]=—p2

(O+m?)é =

with O = 9y9y — 9;0;.

Hermitian scalar field operator: For a field such that qg = QBT(I'V), one has
(see Tutorials 2, Exercise 1),

At(p) = A(—p). ([13])

Let us now rewrite gZ; in a useful form, using the step function introduced as follows,

for z >0

1 1 —2/>0 0 z>0
Oz)=q 3 fora=0 © O(-2)=¢ 1 —2/=0 & O(-x)=¢ 3 z=0 ,Vz
0 forx<0 0 —2/<0 1 <0
so that ©(x) + ©(—z) = 1, Vx. Introducing this sum in Eq.([12])),
Ba") = [ dip 5%~ m?)O0) Alp)e
(2m)2
1 N .
;[ 562~ e (-p) e
2m)2
ke [ LS @ p((-p)2-m2)O(—p) A(—[pl)el P
. 1 . . . .
¢(z") = /d4p 3(p? = m*)Op°) | A(p)e™ " + A(—p) e ™| . ([14])
(27‘()3/2 ——
= Al(p) from Eq.([T3])

For a simpler form = eliminate the “p®” dependence.

Let us recall the mathematical formula,

317 = 32 o (e =0, ‘d"’;f) 40
i s T=Tn

12



and apply it to
f@)= (") = (°)* = p° —m?® = pV'p, — m?

which is vanishing for p® = £/p2 +m2= 4+ E,. We take E, > 0 as a convention
———

Tn
throughout those lectures.

 2polp=5,  12P0lp=—5,

Using the p.x = ptx, notation for the product of Lorentz (with an implicit sum on
w=0,...,4) and inserting Eq.([15]) into Eq.([14]) gives rise to:

= f T L@@L) 3(p0 — Ep) + ©(po) 3(po + E,,ﬂ <A<p>e—w T AT(p)e"”‘p)

7 1 A —ix. A iT.
Pz ):/d3p (27‘(’)3/22E},<A(pﬂ)6 2+ Al(pH)e J’)

(aG#e =2 +atee) | v ary =22 (o)

N d3p
"= | Taem;

Remark : in this equality, one has po(= p°) = E, (= p% = m?).

Eq.[@]) — | #g)(=") = /d3p 2\/3( —a(pt)e P + d*(ﬂ‘)@”*”) ([17)

2.2.2 Canonical commutators

Eq.([16]) = dim(a) = [E]7%/2.

0
[ap, 4] = 0 ([18])
0

= (d in Tutorials 2, E ise 2 N . oL - .
(done in Tutorlals 2, Exercise 2) 3, 2 24 5] = i60)(@—g) (Eq.(T6R): b set to unity)

< (demonstration: home exercise)

13



2.3 Decomposition of the Hamiltonian

Eq.([10]) leads to:

m2$2:|

H(t) = / P B(&,&)Z + %%.% + %

and H can then be expressed in terms of @, al (see Tutorials 2, Exercise 3):

a0 =i = [ 2 (a@ate) +alean) | = [ @i (@)

One has also the following properties (see Tutorials 2, Exercise 4),

[H,dp] = —Ep ay ([207)
(.4 = Eyal, . ([21])

14



3 Fock space

3.1 Recalling the Harmonic oscillator

Let us remind the formalism of the Harmonic oscillator within non-relativistic Quantum

mechanics.

3.1.1 1D Harmonic Oscillator (HO)

. 1 . X
H=—(P> 4+ m2*X?) w : pulsation of HO with dimension 7!

V(X)

Defining the dimensionless operators,

1 R 5 1 R .

a= P —imwX), af = ——— (P 4+ imwXx®

2mﬁw( ) vV 2mﬁw( )
——

(MMVP)TT )Y = M[V]

the Hamiltonian can be rewritten as,

H=

...and similarly, [H,a'] = hwa. HO3
Notice the dimension [fw] = [E].
A 1
HO.1 and HO.2: H = hw(a'a+ 3 HOA
Haln >7n= (B, — hw)aln >rn
H|n >10 Normalise= Fn|n >rn= Halln >pn= (Ep + hw)al|n >7n (creates a quantum)

“still eigenstate with eigenvalue plus a quantum”

Remark : Energy conservation so a, G appear together as e.g. in HO.4.

Ground state (of lowest energy) noted |0 > (normalised).
It must respect,

al0 >=0 HO.5

HO.4: H|0 >= hw(a'a + 1)|0 >= %[0 >

15



Then af|0 > has eigenvalue energy B 4 hw = hw(s +1)
——

noted |1 >px as first excitation

1 1
and af[l >7n has eigenvalue energy hw(=+2) TO generalise: |n >y with energy — hw(= +n)
——— 2 2

]2 >N since second excitation «g,7 o6

Remark : It turns out that there exists no other eigenvalue of H.

Hence generalising: |n >7x= (a")"|0 > and after normalisation one gets,

1
In >= —(a")"|0 > HO.T

Vn!

if imposing,
<0/0>=1

which is always possible to set. It is easy to convince oneself about this by checking it

for first states (< n|n >= 1) but the systematic (Vn) demonstration is longer.

Annihilation/creation operator actions on (initial/final) normalised states |n > can be
deduced:

e afln >=/(n+ 1)maT(af)n|o >=vn+1n+1> HO.8

e so <nlaatln >=<njyn+lan+1>e1+|lan>|2=Mnm+1)<n+1ln+1>
S 1+|INjn—1>|?=(n+1)< N>=n= N = /n. and hence,
aln >=/njn —1 > HO.9

Operator number: N = afa, since

Nin >=dalan >=a'vnjn —1>=vny/(n—1) + 1jn >=n|n > . HO.10

Orthonormalisation (non-degenerate energy spectrum leading automatically to ortho-

gonal Hamiltonian eigenstates / eigenspaces):

’
< n]n/ >=§"". HO.11

3.1.2 Generalisation to N HO’s

Let us extend this formalism for instance to N dimensions or IV systems. Then regarding

the individual HO Hamiltonian ﬁi(Ho) in each Hilbert space H;, we have, using the

16



compact notation (writing explicitly only the states/operators, of individual Hilbert

spaces, being non—trivial)

= 2{V12 (P2 m?XY) == A" =N (L 1eA"9101...)
i oot
5 (a a; + a;a;) HO.1b(is)
H=7%, @(2GTA +1). HO.4b
Regarding the states,
ail0 >H=0 HO.5b
Hiln; >= Ep,|n; >, En, = hwi(% + ;) HO.6b
_ L
In; >= m(%) 10 > HO.Tb
alln; >= v/ni + Ln; +1> HO.8b
ailn; >= /niln; —1>. HO.9

Regarding the annihilation/creation operators,

[al? ] 6”]1 [dlvd]] = 07 [djad;f] =0 HO.2b
[H,a;) = —hwia, , [H,a]] = hwal. HO.3b
Demonstration:
A hw; o+ TN hw; o 4 TN ~
(a5 =[S (afas + asa}), 4] = =2 ((a)a; + a;6)), 4] = ~hwjd

since a; commutes with all a; for ¢ # j as they belong to different H’s.

Same individual energy spectrum (HO.6). Globally, H has an additive form (“sepa-
rate variables” case as each term of the sum is non-trivial in a given subspace, without

subspace mixing terms) so its energy eigenvalues and associated eigenstates are,

Fios
E= leEn_lehw( +n) =D
|E>=|n1 > ®ng > ®...® \nN > (set of n; values). (16)

Example n’l: n; = 2 (all the other n; vanish) and common pulsation,

H 12 > (1) ®|0 >2) ®...® |0 >(N)

1
= |hw(ala 1+ 5) 01 .. 91+10 A g .. @1+..+1®.. ®]1®H(HO)]
12 >(1) [0 >(9) -
1. hw
= <hw(2+ 5) + > +> |2 >(1) |0 >(2) -
N

=F ‘2 >(1) ‘O >(2) -

17



Example n'2: n; = 2, ng = 3 (all the other n; vanish) and common pulsation,
H 12 >1) |3 >(2) [0 >(3) -
N
= ﬁw(Q + 3+ 5) ’2 >(1) ’3 >(2) ’0 >(3) - = ) ’2 >(1) |3 >(2) |0 >(3) -

Finally,

N =%N; = Eidj&i, with, Nj|n; >= n|n; > HO.10b
< nz\n; >= (5”"”";5”, with, () < 0’0 >(j): 1. HO.11b

Indeed, let us consider an example with i = j = 2,
< nglny >= ((1) <0 ® (9 <n| ® > <|0 >y ®n > ® >

:<0‘0>X<n2|n/2>X...:1X5n2n/2><‘__:5n2n’2’

an another one with i # j and n; # 0, n}; # 0,

< nplny >= <(1) <n| ® 9 <0 ® ...><|0 >y ®n > ® >

=<n[0>Xx <0ny>x--=0x0x---=0.

Notice that multi-space state scalar products, like for instance
(< il <njl) (Ing > |ng" >),

can be directly deduced from those basic calculations.

3.2 Multi-particle states

3.2.1 Analogy between the HO’s and quantised scalar field

Following a mathematical analogy, a real free scalar field system (associating one Hilbert
space Hj; to each p) can be seen formally as a continuous version of an infinite multi-HO

(taking the limiting case N — o0):

ﬁz- on H;, a;, hw;, n; — H'ﬁ on Hg, az, Ep, ng

HO.1b + Eq.([19])

HO.2b — Eq. (implicit compact notation then for multi-Hilbert spaces)
HO.3b — Eq.([20]) —

HO.10b— N = [Nyd®p = [alazd°p

HO.1b & HO.2b = HO.4b — Eq.([18]) & Eq.([19]) = Eq.([22[bis) (see below)
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Therefore, as in the multi-HO formalism where the relations HO.1b-4b, 10b induce the
relations HO.5b-9b, 11b, [1st quantisation], the above relations on the field op-
erators induce similar relations on the individual energy eigenstates [2nd quantisation:
relativistic with wave function variables] provided here and in the two following sub-
sections [W factor justified by a constant state dimension for any level given
that dim(at)) = [E]~3/2 as stated in Section :

HO.5b —
2m)3 2m)3
( (V) aﬁ> |0 >(ﬁ): 0, or, < 0‘(5) < ( V) a;g.) =0 (17)
HO.7b — ne
1 (2m)3 +\ "
ng >= = ( v a;> 10> (18)
HO.8b —
(2m)% 4
v azlng>=/np+1nz+1> (19)
HO.9b —
om)3 |
( V) ag|ng >= /ngng—1>. (20)

One has to define any state within a finite volume V', and then take the limit V' — oo at
the end of calculation: it constitutes a physical regularisation process, mathematically
allowed. As a matter of fact, regarding the orthonormalisation condition, one has for

instance (using compact space notation),

(27)3 o (27)3 R o
@ < >@) =" @ " Oléty af, 10 > )= V< 016@ (5 — /) + al a0 >
(2m) B> _ _ (277)3 1 / 3. —i05.3
= V(5 ( ) < 0[0 > SO ><V11_I>I;o ) dee A
=1 if p=p/
/2
(2m)*\° 2 1oy g
(%) < 1’2 >(ﬁ’) = ( % < O‘Ctpﬁap/ CLp/|0 >
2m)3\¥% 1
= <( ) ) — < 0|(6®(F— ) +ala,)al,[0 >=0,
V 2
so that,
27)3 nizn’
< nglng >= ((?) 6" " 64 (5 - ) (21)

which extends HO.11b. Notice then the induced dimensional analysis for the quantum

states: [|ny >] = 1.

n order to build dimensionless operators like in the original HO case of Section Indeed, a
dimension factor is needed due to the change from a discrete to a continuous spectrum (like >, — [ d°p).
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3.2.2 Normal ordering

This part addresses a subtlety due to the continuous set of HO’s. Let us rewrite H again
using the a(f) commutation relation:
HO.4b —

E, E S
Eq.(O) = H = [ d&*p 7(%@* +aba,) = | d*p 71’(2&;@,, +63(0,) 1) ([22]bis)
Eq. with compact notation for ... ® 1 ®a, ® 1 ® ...

63 (5p) is undefined mathematically but also belongs anyway to the term that physically

accounts for the problematic infinite contribution of finite ground state energies, as in

HO.4b: 322, h“”]l € H (whereas aTaz gives rise to zero through its action on |0 >). See

also Eq...

The way out: only energy differences are physical (as classically: F= —§V) SO one
can introduce a prescription redefining the energy absolute scale. This is the so-called

“Normal ordering rearrangement”.

1.- Write all annihilation operators to the right of creation operators
Apply to H= in products, as if they were commuting with each other.
2.- Treat @ and a' with usual commutation rules of Eq.([18])), again.

Here it gives (for the step 1),

N Ep, ... . i ~ N
:H::/d3p ?( ;r)ap—i—:apaj,:) = /d?’pEpaLap :/d?’pEpNﬁ:/d?’p:Hﬁ:
——

AT A~
CLpCLp

([22])

which has indeed redefined the ground energy in a minimal way, from Eq.([19]) to
([22]bis)), only eliminating the 6(3)(0) term (same a(f) formalism):

H:[0>= /d?’pEpd;f)&pm >=0=0]0>= Ep|0 > .
Remark :
<U|:H:|U>= /d3p < Ulafa,|V > E, = /d3p E, || a,|¥ > |2 > 0.

(recall that E), is positive by definition) This confirms that Fy = 0 is well the ground /minimal
energy: < V| : H :|¥ >> Fyiy, = Ey=0.

HO.6b —

Hy : [ny >= N3 Eplng >= a%a5Ep ny > = En 08 (0p)ny >, En, =nzE, . (22)
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Demonstration (see another one in the Tutorials 2, Exercise 5): based on Eq.—
and V/(27)% = 66 (Gﬁ) [as seen above Eq.(21) through the regularisation process|, we

can write,
e _ 4
p’nﬁ>—Epaﬁ Wq/nﬁ’nﬁ—l>—Eanﬁ ’nﬁ> .

More generally (see the Tutorials 2, Exercise 5, for the case ny = 1),
: Hﬁ: |7”LI;‘, >= &;dﬁEp |’I’LZ;, > = Enﬁ 5(3)(ﬁ— ﬁ')|nﬁ >, Enﬁ = nﬁEp s (23)
or equivalently,

Np Ing >=nz 6P (5 —5")ng > .

Remark :  Eq.([20]) - Eq.(21]) remain true for : H : (global factor 2 in Eq.([22])
compensates one term less: dpd};, compared to Eq.([19])).

3.2.3 Physical/Quantum interpretation

For example,

: ];AI : ’E > = </d3p Ep( ®R1® flT Ap*® ]117+55® )> (‘0 > ®’2 >(ﬁ1) ®’O >(ﬁ1+5ﬁ1) ®|0 > ®)

2
1 (2m)3
3 ~t A _ 3 AT A AT
d’p Ep a5z 12 > )= /d p Ep azap ﬁ ( v a];l) 10 > @)

2
L 1 . 2m)3
_/d3p5(3)(p—p1)2Ep (a;)z( (V)> 0>

= /d3p5(3)(ﬁ—ﬁ1) 2Ep ‘2 >(ﬁ): 2Ep1 |2 >(ﬁ1): 2Ep1 ’E >

whole energy
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with ng = 2. Another example:

H:|E>= /d3p E, a%iy (...|0 > ®|1 > BL >3 ©[0 > ®...>

2
(2m)? o o

B, (abal, (@l g+ 0@ (5~ 5)] + alal 695 - 7)) 0>

= /d?’p Ep 5(3)(ﬁ_ﬁ1/) ’1 >(ﬁ) ‘1 >(ﬁ‘1) +/d3p Ep (5(3)(]7—]71) ‘1 >(ﬁ') ‘1 >(ﬁ1')

= Eplz |1 >(ﬁl/) |1 > (1) +Ep1 |1 > (1) |1 >(ﬁl/): (Ep1 +Ep1/) |E >
———

whole energy

with ng = nzs = 1. Generalisation (for a finite number of non-vanishing ng):

CH: (jng > Qng: > ®...) = ( > nEEk> (Iny > ®ng >®..)  (24)

e !

p’p bR
which extends Eq.(16) (and Eq.(22))). Full generalisation (continuous case):
CH (TS g >) = Vo [k B (T |, |nge >) (25)
S @ TR T ()3 Kk P

Those results allow to interpret physically n; as being the number of particles with
energy Fp, and, to give a symbolic simplified picture of the whole Fock space F:

part.1l part.2 part.2 part.2
[]HI ® <]HIX7PX ® HY"? @ HY? ) ]

Q |: (Hgart.l ® Hgalrt.l Q ) ® (HgartQ Q Hg‘a/rtQ Q ) :|
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4 Complex scalar field

4.1 Lagrangian

The Lagrangian of the complex scalar field operator [gﬁJr #* QAS] reads as,

£ =0,0'0") — m?31d ([23))

= K.-G. equation (for ¢ and ¢')
EOM($.61)

Remark : Lt = L.

Defining two real fields (and then two Hermitian field operators) as,
- 1

B2 5 (51a) +ida(a)

Eq.([23]) can be re-expressed as,
A 1 A ~ ~ N 1 - ~ N A
L= 5001+ i0,p2) (01 + 10" o) — m2§(¢1 + i) (d1 + i)

= 5106170 61+i0,6" 0" 620,00 0 6140, 0 o]~ -1V b1 +i by —il) 1404 o).

Since [¢1, ¢a] = 0 (as seen later on), we can re-write it as,

A 1.~ - 2.
L=, |5 00"~ - & (24))

as in Eq. so that one gets the K.-G. Eq. for both the real fields qgl and ¢9. So
the choices of physical degrees of freedom ¢E, éT or él, ég are equivalent at this level of

free framework.

4.2 Field decomposition

Then repeating the ¢; o decomposition based on Eq.([12]), one finds identical commuta-
tion relations as in Eq.([18]):

[dipu CALIP/] = 5(3) (Z;; — m’ [dipa &ip/] = [CAL;[p, (Al;.rp/] = O7 with i:]_’2’ and7 [dgp,&;];))(/)} — 0’
([18]bis)

Indeed, based on Eq.([10]) and Eq.(12), L= L1(¢1)+Lo(d2) = H = Hi(d1)+ Halds).

Then, given the two distinct fields/particles, one is within the quantum separate variable
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configuration so that one individual Hilbert space H; is introduced for each of the two

QBLQ fields. There are thus commuting with each other.

Let us now define the operators,

{

(a1p + dagp)

(a1p — iagp)

j=N
II>

P

Shgh-

Qv
I>

P

in order to write ¢ = (¢1 + igha)/v/2 (factor for the fields and H, H normalisations) in a

compact form:

s d3p
0= / \/(27r)32Ep(

1p

o L o L 1
ape wp 4 gl e P + ilag,e” P —I—agpe”w])—

V2

~ d3p g A0 ~ d3p o . .
o(xt :/ G e %P 4 gl ®P) [ = T:/ ape TP 4 Gl gieep
( ) (27T)32Ep( P P ) ¢ /7(27T)32Ep( P p )
(26)
which is comparable to Eq.([16]). We show that, as/from Eq.([18]bis]),
. 1. o . . )
[alb a;[)’] - i[alp + 1azp, aJ{p’ o Zagp’} =) (r— ﬁ') 1
[ap, ] = lal,al] =0 o
T T o oo 4 D=0 ()
[ap, ap/] = i[alp 1A2p, Ay + Zagp/} =6 (p—-p)1
[émép’] = [é;rnéz,/] = J
since,
~ L 1 ~ N ~ N ~ 2
[a;m ap’] = 5[ 1p +202p, G1py — 'La2p’] =0= [a;f)ya;;/] >
~ ) 1 ~ N ~ PN ~ 2
[ap, aL,] = 5[ 1p + 1a2p, aL,, + zagp,] =0= [a;),ap/]
4.3 Hamiltonian
Eq.([19]) is extending to,
A 1 o o o N
H = 3 / d*p E, [(alpaJ{p + aJ{palp) + (Cbgpa;p + agpagp)
We can easily demonstrate that (see Tutorials 3, Exercise 1(b)):
- 1 ~ AT A Z 2 L+ 2 .
H= 3 /d?’p E, (Apa;ﬂ + a;r,ap + apa;; + a;f)ap) , ([26]bis)

24



CH /d3p E, (a ap +a ap) /dgp E, (./\A/'ﬁ—k/\:/'ﬁ), ([26])

which is similar to Eq.([22]]).

Eq.([26] - comparable to Eq.([19] - & Eq.([25] - ) [comparable to Eq.([18]])]
= [ H:ay]= /ap [comparable to Eq.([20])]
and [ H :,a v = /a p [comparable to Eq. (21])],

since [dgf), ay] = 0 from Eq.([25]). So exhaustively, we have (from similar considerations

on the fip operators),

A~ ~ ~

[ H :ay] = —Eyay, [ 4] = Eyal,, [ H 1 ay) = —Eyay, [: 4] = Eyal, .

4.4 Quantum states

e Summation form in Eq.([26[)) and one term for each kind of particle

— separate variable situation with 2 Hilbert spaces H (for a,) and H (for a,).

e Similar Lagrangians [Eq.(|[23] - fields [Eq. (26 . Hamiltonian forms [Eq.(|[26] -—-

and commutation relations [Eq.([25]), ([27])] for the real scalar field [b(a p)] and complex
scalar field [gb(ap, ap)], that is, generally speaking, for the operator structure
=- same constructions as in the real field Equations — and , also for the new

quantum states associated to the complex scalar field:

2n) -
v ap |0 >H)= 0 (27)
i 1 2m)% 21\
g >= o= ( v az |0 >(5) (28)
2m)3 4
( ‘7;) il |y >= /g + 1|y + 1> (29)
(277)3 2 |~ = |~
Taﬁ\nﬁ >= /Ny |y —1> (30)
2 3 Tz T, =~
< gty >= <(‘7;)> 8" 53 (F— ), <00 >=1. (31)

Furthermore, the eigenstates and eigenvalues of the normal ordered Hamiltonian part,
: H(a) := [ d®p E, Ny [‘half’ of Eq.([26])], read as,

CH(a) : (g > @y > ®...) = ( > fz;E,;) (|ng > @iz > ®..).  (32)

> =y

k=pp’,...

-
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e As a consequence of the two above bullet points, the eigenstates and eigenvalues
of the normal ordered Hamiltonian of Eq.([26]) read as,

CH: (Ing > @ng: > ®..) @ (|fig > @iy > @...) (33)

= (Zﬁﬁ,ﬁ’,.-- ng E, + ZZ:ﬁ,ﬁ’,... ng EE) (\nﬁ > ®|nﬁ/ > ®) ® (’TNL]; > ®’T~Lﬁ/ > ®) .

Within this free framework, one could have equivalently chosen qul(&lp), g%g(dgp) as
the two species of particles. Nevertheless, the presence of interactions may point towards

the necessity of using qg(ﬂ(dp, &p), as we are going to discuss in the next subsection.

4.5 Noether’s theorem

£ in Eq.([23]) is invariant under a global ‘gauge’ transformation.

Remark :  The following discussion remains true for the real gauge transformations
of nature [local parameter § = 6(z")] arising when fully including the interactions in the

Lagrangian.

Global transformations here:

{ da") = e g(a)
O (@) = 5f (")

H — 't = gt
73 B(a”) = ¢(2") = d(a¥) —ighp(a”) and 56T = ighgf
N——
56
Then the Noether’s theorem predicts the current conservation relation (local conser-

vation), @Lj” = 0, where,

oL - oL o 2

_ 5+ =54t — TM6a,
50,9 T 0@ " T

= "1 (—iqh¢) + 0" P(iqho")

= igf[—(8"dN) b + (8"4) 1.

TH

J# is thus defined up to a factor and a constant so the g-charge as well: only relative

charges, among several fields, do matter and only interactions allow their determinations.
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Even classically: the electric charge is ‘absolute’ by convention in the Maxwell’s equations

since a g-redefinition can be done with

(

Now integrating, over the whole space, the local conservation relation, and using the

unit redefinition e.g. in V.E=="
€o

= o

Gauss’s theorem, one finds directly the global conservation equation:

%:O with Q:/d?’xjo

—ig / d*z [(0°9)¢" — (8°6")d]

—g / dp [l (7)a(p) — & (i)
—_—
N N

=N + (=N .

Conclusion n’l:

{ a annihilates an anti-particle

al creates an anti-particle

= gg(a;” ) annihilates a particle / creates an anti-particle, i.e. decreases the global Q-

charge by an amount ‘q’. Similarly QAST (z¥) increases @ by ‘q’.

Conclusion n’2: In Quantum ElectroDynamics (QED), ¢, ¢T(z¥) field operators rather

imposed as being under the real form 451, ég(m”) would not allow a consistent charge

description since one would get instead problematic mixed terms as,

O =iq / &p 8} (Pas() — al (P (7)) -
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5 Propagators

5.1 Solving the generic K.-G. equation

Stucking in this part to the relativistic quantum framework (classical field theory), the

K.-G. equation with a source (interaction) term is,
(@ +m*)e(z") = S(a)

for ¢ being a real [like in Eq.—] or complex [like in Eq.([23]))] scalar field. How to

solve this equation ? For this purpose, let us introduce the so-called Green’s function,
defined through,
(O +m®)Gay —a7,) = = 6W(z, —a},) - ([28])

Remark :  The Green’s function also permits to solve the Maxwell’s equations (rela-
tivistic and quantum) taking the similar form, 0 = 9, F*" = 0,(0*A¥ — 0" A*) = A",

in a specific gauge for the case free of charge distributions.

Indeed if Eq.([28]) is solvable, i.e. if a solution exists for G, then one knows the so-
lution of the generic K.-G. equation for any integrable S(z®):

¢“i<xu>=:¢o<xu>—-/fd4x’<9<xu——a4» S() (29))

where ¢q is the solution of the free/original K.-G. equation [for S(x,) = 0]. Check :

(D(:r:) + m2)¢sol.(xy) - (D:c + m2)¢0(xu) - f d*az’ (Dw + mZ)G(xM - .%';) S(x;,t) = S(Q?N) :
=0 -6 (zy—at,)

So let us find out G(z,, — x},) from Eq.([28]), through the Fourier transformation:

4 ) )
G(zh — /M) = / (C;:)Ll e P27 GpHy ([29]bis)

with independent p° and E, (or p.p = (p°)* — (p)? and m?) consistently with the poten-
tial presence of interactions (possible quantum fluctuations). Then Eq.([28]) gives the

following information,

d4p . ’ d4p . ’
_ s(4) ) — “orv i 2 —ip.(x—a') _ —ip.(x—a') (2 2 n
5 (2, /(%)4(;(19 )(Oo +m?) ¢ /(%)4@ (—p+m?)G (")

5(4>(:vu—a:;)

1 1 1
& |GpH) = = = .
W)= e | S T P B
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(¥) 910y (—ippar) e A=) = (—ip, )0 (—ipPa,) e~ L) = —p2 eminle=e’)

This propagator will appear in the Feynman rules. It remains to Fourier transform G(p®)
to get G(zq — x,,) = problem to know how dpyg-integrate over the 2 poles, at pg = +E,,
of the integrant (in general, integrability around a pole: question of the convergence

rapidity).

One has to introduce, F(py) = ) 77> and then take the (real) limit e — 0.

1
T (E,—
This is not necessary in quantum field theory where € ~ I', I'r = i (dimension [E]T).
This regularisation is called the Feynman prescription : introduce a complex number via
defining, G(pa) = hII(l) F(pa), to reject the two poles outside the real axis. One has first

e—

to separate the 2 poles:

1 po + (Ep, — ie) 1 P — (B, — ie) 1
F(pOt): — — 0 T 0 — 0 —
2[E, —i€] | po+ (Ep —i€) p¥ — (E, —te) p° — (E, —ie) p¥ + (E, — ie)
ddp P (T dp® . op 1 1
) = —ip?(t=t') o 3 _
Gla—2a) / (273 2E, / (2n) ¢ P —E, tie P+ E,— ie] '

Mathematical result from the residue theorem applicationﬂ (clockwise, that is negative
orientation, along a rectangle path around the pole with a side corresponding to the real
axis):

+o0 —1 Xt +o00 —1 Xt

(& - - [
dX = — 27 O(t)eH(—io)t li dX
0+0+0+/OO X1 i O(t)e Al e g

= —i2m O(t) .

Let us use this formal result for our purpose: the first term (second integration) of the

G(zo — 7l,) expression reads as,

+oo dpo e—tpo(t—t') “+oo dpl0 e~ P (t—t')

li _— = 1i _iEP(t_t/)
"y oo 2w PV — E, +ie 50 oo 2m pl+ie °
o—iBp(t—t") /
= —[-2iwf(t—-1t)].
)

The second term (second integration) of the G(x, — x},) expression reads as,

2¢ < 0 possible and equivalent but changes the analytical calculation.
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—ipo(t—t’ +00 e

e=0 ) 2w pO+ E, — ie e—0 oo 21 —(pj + i€)
e~ iBp(t'—t)
= 27[—2@% o(t' —1)].
T
Therefore,
+oo dS ) , L,
G(za—a)) = —i [ / @ p)3e_ZEp(t_t)0(t—t’)e”"(z_m)
oo (2w
+oo —dg(—p) B (¢ ; 2 2 1
A B (=) gy )t (D) (=T |
I |

/ N d3p 1 N ,—ip.(x—z") / —ip.(z'—x)
G(xa—l‘a):—l (27)3@ O(t—t) e P- +9(t —t) e P- ([30])
— 00 T D

with formally p° re-introduced and taken to be E, (a possibility within the free case).
Notice that within the natural unit system, [G(z)] = [E]? [consistently with Eq.([28])].

5.2 Introducing the time-ordering

Let us now connect G(zq — .,) to the quantised scalar field operator ¢(z#).

[A] For the real scalar field, using Eq.([16]) and Eq.(18)),

iT. T 14

d3p
/ /2 32E J/(@n)2E,

Taking now the Hermitian conjugate sequence of this equality,

o Vv N .
T —ip’.w - ; T —
< 0|p"(z / \/m Pt < 1|(p,) ) recalling that here, ¢'(z#) = ¢(z#
we get,
< 0\(13(“( d(x,)|0 > = / / e!pe—p) 1)1 > v
g v (2n) 32E V(2n) 32E ») @) (27)3

595~ 1)
3
_/( (1)3pEeip’(“f_x').
2m)°2E,

based on Eq. and the equality p° = E,, (free field expression origin). Using Eq.([30]),

one can thus link the quantised field with the Green function,

iG(xg — ) =0(t—t') < 0|¢(x#) ( )0 > +6(t' —t) < 0]p(z )A(ZL'M)|0 > . (34)
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We recover the dimensional analysis [G(z)] = [E]?. Let us rewrite this equation as,

iG(xa — x) =< O|r[p(z,)d(x],)]|0 > ([31])

o1 (z¥)pa (™) if t >t/

bo(x)pr(z”) it >t

Indeed, e.g. for t > t/, Eq.(34) leads to:

iG(wa — ) = 1x < 0[¢(2,)b(x,)|0 > +0 = < 0[7[b(,) b(x,)]|0 >.

with 7{61(24)da(e)] = {

Given this “time-ordering” definition, Eq.([31])) can be recast into
iG(za — ) = < O|7[d(x},)d(,)]|0 > .

Physical interpretation (still for the example case t > t'):

o é(x;)yo >~ J dp [1 >z (up to coefficients) so creation of a particle at time ¢’ of

species ¢,

. gﬁ(m”) > [ d3p’d(];’), leading to < 0|0 > 0 so annihilation of a particle of species
qAS at time t.

iG(zp—w),)

A

So the matrix element < O\T[é(mu)qg(xil)]\o > can describe the amplitude of a particle
being created at ¢/, propagating in space-time and being annihilated at posterior mo-
ment ¢t. It will turn out to enter the calculation of amplitudes for reactions (involving
interactions: the vertices). This can be expected intuitively, as after all, in nature, par-
ticles exclusively propagate freely in space-time or interact with (/ transform to) other

particles.

Remark : This Green function meaning differs slightly from the interpretation in rela-

tivistic quantum theory: Eq.([29])) (where it drives radiation propagation).

[B] For the complex scalar field, using Eq.(26]) and Eq.([30]), one can show that (possible

homework),

iG(z, — x,) =< 0|7[(z")$! («")]|0 > ([321)

Regarding the physical interpretation, notice that the field product é(x” )(iT(x' ¥}, respec-
tively &T(:B’ V)(JAS(SL'V), involves in particular the operator product dpd;r,, respectively (:zpc:z;,.
Finally, there is thus a unique Green function / propagator definition for both the real

and complex scalar fields.
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6 Interactions and evolution operator

6.1 Structure of interactions

So far, only free particles studied (in a boring world) with quadratic terms in £ [mass
or kinetic terms]. Notice the possibility, not studied here, of a term like mqﬁgqbl ‘mixing’

2 particles so that a state rotation is then needed to obtain 2 independent states.

— Lorentz invariant
What do the interaction terms could look like in general? . o
— L Hermitian (up to total derivatives)

e For a real scalar field gzg, the Lagrangian of interactions reads generically as,
N n in . . .

4 A - AP — ¢(z) Lorentz invariant by itself
£12_9¢3—>\¢4—Z kglb A( )AT Y

recalling that, R R

L=rppa—H="ra6s— Hpin+ V).
The coupling constants determine the strength of the interactions : [¢g] = E,
Al =1, W] = [E]7L [E]72,

e For a complex scalar field g%, the Lagrangian of interactions may contain for exam-

ple,

— ¢T also invariant (another field)
L7 > same terms or e.g. ¢'¢? (mixed) d(z) = ¢ (2)) so of(x)=¢t(a))
— +H.c.

The nature and structure of the interaction terms

define the specific theory (possibly hypothetical).

6.2 Working out the physical states

Quantum states (of a generic system) known
{ eigenvalues of observables known, O o >= ala >

transition amplitudes known, P = | < B|a > |?

Now the eigenstates of the Hamiltonian H (main observable and related to ﬁ) are gener-

ically hard to find out (in QFT too). Therefore, one is usually constrained to consider an
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Hamiltonian, H = Hy+ H; > interactions typically small, in order to develop perturba-
tion approaches. Here, H, represents the free Hamiltonian. As usually in perturbation
theory, Hy and H; belong to the same H-space whose possible Ortho-Normal-Basis is
noted as the generic set [involving the known Hy eigenstates worked out in Eq.]:

{.nz > |";5+5;) >} ={|F>}.
Hence, considering the relevant Hamiltonian operators — along the time axis — to be:
Hy — Hy+ H;(t) [as used here or possibly adiabatic H; perturbation] — Hy

the initial [produced] and final [detected] multi-particle states (before and after the
studied reaction among particles) are defined as free states and in turn as classical
states. The Schrodinger equation in the studied Fock space, providing the quantum

state evolution, is

) (1) >= (o + H) (1) > (133)
and for a free state,
i) 5 1%(0) >= Holo(t) > (134)

Let us introduce the evolution operator Uo(t) relating ‘—oo’ to ‘¢’ for the free state:
Wo(t) >= Uo(t)[Wo(—00) > = Uo(t)]i > ([35])

Let us then introduce the evolution operator U(t) relating ‘free’ states with ‘coupled’
states:
9 () >= To(U BTG (1) To(t) > (V1) ([36])

Eq.([35]) and Eq.([36]) synthesize into the relation,

(1) >=Uo()U ()i >| (Ji > =[¥o(—00) >) (137])

using the unitarity property, ﬁg (t) = Uy ' (t). The unitarity for both operators, U(t) and
Up(t) (also demonstrated in Tutorials 3, Exercise 3) is allowing to conserve the quantum

state normalisations:

< o) |Wo(t) >=< i|UITp|i > and < W(1)|W(t) >= (< Uo(t)|UUTUN) (UUT W0 (1) >) .

(35)
Therefore, let us work out Up(t) and U(t) to obtain the quantum states.
e Let us first work out Up(t). Eq.([34]) and Eq.(35]) lead to,
d . o . A A o . . .
ZaUﬂ(tW >= HoUy(t)|i >= Uy(t) g(t)HoUo(t) li > (V|i >#0) ([38]bis)
—_———

Ho(t)



whose solution reads as (see Tutorials 3, Exercise 3),

Uo(t) = e~ tHot ([38))

e We now focus on U(t). The Eq.([33]) and Eq.([37]) allow us to write,

i—(Oo(t)U(1)]i >) = (Ho + Hp)Uo()U (#)]i > (V|i ># 0)

SO0 — 00 At 00 (129)
——
Hi(t)

Eq.([38]bis) was used in the last line. Interpretation of H(t) = Ug (t)H;Up(t) (based on

Eq.([35])):
< B (]B > = < BOI () HTo(1)|8 > = < B H;|B(1) >
“Heisenberg picture” [|¢)] <> “Schrodinger picture” [¢(z,1)]
where Uy (t) is acceptable up to perturbation order corrections (in contrast with the ex-

act evolution operator involved in: |¥(t) >= e—i(Ho+H)t |i >). Now in order to solve

Eq.([39])), let us first integrate it over the following domain,
Ji dt1Bq.([B9)) :  U(t) — Ulte) = —i f;; dtaHi(t1)U(ta),

t — —oo: Hy(t) =0, d(izit) — 0= U(t) — 1 as U(t) implements the interaction [Eq.([36])].

Hence for tg — —oc: U =1 —Zf dt1H[ tl U(tl).
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One can then use an iterative approach,

Ut) =1 —i/t dty Hy(t)[1 i/tl dts Hi(t2)U (t2)]

—00

t t1 R
=1 - Z/ dt1 H[ tl / dtl/ dto H[ tl H[(tQ)U(tQ)

_]l—z/ dtq H[(tl) (— )2/ dty dtzH](tl)H[(tg)

t1 to R
/ dtl/ dtg/ dtgH[ i H[(ig)H[(ig)U(lfg)

o° toﬁ)t t1 tn—1 R .
=1 +Z(—i)"/ dtl/ dtg.../ dtn H(ty)...H (L) .
n=1 —0 —00

—00

Let us rewrite the third term (n = 2),

t1
dtl dtg TH] tl)H] tg 2' {/ dtl/ dty 0 tl —tQ)H[( )H ( )

+ / dto dtl 9(752 — tl)H[(tg)H[(tl)]
—00 —00
Indeed, renaming, t; <> 9, in the last term we get,

dty T[Hi(t1)Hi(t2)] =

t N2 gt t R R
it { / it / dts Oty — o) Ey(t2) Hy (1)

i /too dt /t; dty O(t; — tz)ﬁf(tl)fh(tz)]

which gives, encoding the 6 step function informations only into the integration region

boundaries and identifying the two terms,

t1
dtl dtQ T H[ tl)H] tQ = / dtl/ dto H] tl H[(tg)

Therefore U(t) can be rewritten in a more compact form (convenient for the following),

when generalising to higher terms as,

_11+Z n' / dtl/ dts .. / dtnT[ﬁj(tl)ﬁl(tg)...flf(tn)} ([40])

n=1

U(t) is thus solved and exhibits a possible perturbative treatment: H;(t) having typi-
cally small eigenvalues, the first terms of this series are expected to be dominant and

can thus be exclusively considered — in a first approximation.
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General warning: in Quantum Field Theory, such series are in general not convergent
(even for ‘small’ H;’s) which questions the validity of the QFT formalism in general and
its quantitative predictions as well (same comment for non-canonical quantisations).
This represents a non-trivial open question but the experimental tests at accelerators on
particle reaction amplitudes have been passed brillantly so far so that phenomenologi-

cally the theory is acceptable in its present form.

6.3 The S matrix
S = lim U(t) ([41])

t—o00

This definition implies the unitarity of S as U (t) [related to probabilities via in particular
Eq.]: StS = 1. The evolution operator U(t), and in turn S’, can be rewritten as,

G—1+4 i (_i!)n / " / ™ e [ﬁj(xf)...ﬁl(mg)} (142))
n=1

n —00 —00

or even in a neater form (rendering also the normal order explicit):

§— T[ exp (—i/d4x AL (@) :) ] | (36)

What is the motivation for considering the S-matrix element?

The interesting quantity is the amplitude of transition : < f|...[i >. When interac-
tions have ceased, the final state |f > can also be taken among relevant Hy's eigenstates

(quantum formalism consistency = identical time origin):

< fI8]i >= lim < flU®))i >= lim < FIUS (1) Uo(t)U(t)|i > = Amplitude of reaction.
— 00 — 00

<f(®l |w(t)>

([42]bis)

The quantum approach is as announced : U(t) = |¥(¢) > = Amplitudes.
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7 Reaction amplitudes

7.1 Wick’s theorem

7.1.1 Wick contraction
Real field:
@@ﬁfﬁxaMW@>ﬂfmo>n:@g@u> (37)
iG(xy—=!,) via Eq.([3I])
@@ﬁ@ﬂ=<0ﬂﬂﬁ%%ﬂ@¢m)+ﬂﬂ—ﬂ$@ﬁﬂ@\0>1=0 (38)

since e.g. for the first term, ¢ ~ a + af, ¢’ ~ @ + @'t and (< 1,| < 0/])(J0 > 11, >) =
< 1pl0 > x < 017, >=0x 0 =0 from Eq.(21).

Complez field:

Using the result of the Tutorials 3, Exercise 2 (in the second line below), we now define,

~

d(x)ol(2) = < 0lr[d(2)d ) f(@)]|0 > 1 = ¢/ ()¢ (x)
iG(zy—z),) via Eq.([32])
= < 0l7[d(z)$!(2)]]0 > 1 = $(a’)ol () = & (x)$(a")

|

As for the real field : ¢! (z)¢'D(2) = 0.

H)d(a")= < Ofr[d(@)d)]|0 > 1 =0 = (") ()

since e.g. for the first term, ¢ ~ a + at and (< 1,| < 0])(]0 > 1y >) =
< 1,0 > x <01y >=0x 0= 0 from Eq.(21)-(31).

Similarly, ¢/ ()¢ (2) = < 0|7[¢1(2)¢! (2/)]]0 > L = 0 = () ().

7.1.2 Order properties

A regularisation method leads (see Ref.[Lahiri & Pal]) to the formula [needed for Eq.(|[42])-
(36)]:

N ~

7l A(@))B(x1) ...t : Awg)B(ag).. -+ 2 A(xn)B(an)... |

- . - ([44])
=T7[AB...(x1) AB...(x2) ... AB...(zp)]c.yec.

where e. f.c. stands for ‘no equal-time (Wick) contraction’.
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Then one can relate the time order and normal order of a field product through the

Wick contraction (see Tutorials 3, Exercise 4):

Tlp1(2)p2(2")] = : d1(x)da(a’) + + d1(x)a(a)) ([43])

~ A~

Case ¢ # ¢o trivial: (7)[1(2)d2(a')] = ()1 (2) () (:)a(a')(:) + 0.

7.1.3 The theorem

Extending Eq.([43]) (demonstration for a unique field in Ref.[Peskin & Schroeder]):

T[¢1(x1)¢2(x2) ¢n(xn)] = le(fvl) an(xn) :

+: 1o <233(£n +permutations
|-

+ 192 03 4...0p ¢ +permutations

+

{ X 2 ... pp—1¢p :  +permutations (if n even)

109 ... Pp—2dn_1 an :  +permutations (if n odd)

([45])

[
|

Case of all ¢,’s distinct (from each other): 7 needless and only the first term on the

right-hand side is non-zero, and without normal order anymore (trivial case).

7.2 A simple decay example
7.2.1 The interaction and reaction
Interaction : £; = —g &;(q:”)gzgg(x”)qgl(x”)
Free part : Lo(¢1) + Lo(¢2)
with g real = : H : =: 7:10(&9)) +7§t0(d§),&§”) +H o with : Hp =g égégqﬁlm :

since only the “—£;” part of the new Hamiltonian piece is non-zero [see Eq.(12))].

The perturbation method can be used with the obtained decomposition of the free fields

(leading order result).

The reaction considered is the particle P, decay into the particle P» and its anti-particle

Py, with respective 4-momenta defined as,

Pi(ku) = Pa(pu) + P5(p),)
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which is a kinematically open channel under the condition that M; > 2msy, where M;
(mg) is the mass of the particle P; (P,). This kinematics condition arises from the
conservation of the (time component of the) 4-momentum [k° = p° 4 p'°], the classical
nature of the initial/final particles [both to be confirmed later on] and the use (always

possible) of the centre-of-mass frame where 3. 7; = 0 (for ¢ = 1) k=p+p =0
VMR =\ 7 fmg 02

7.2.2 First order contribution

From Eq.([42])), and using the orthonormalisation conditions as well as ,
~ ~ +w

APy decay) =< fIS]i > = < 1§1§/|< A+ (—i)/ d'z 7 g: PY(a")da(a")dy (2#) ]) 1, > +.
I Eq.([44])
T[gég(xﬂ)é2(xu)qgl(xu)]e.t/c.
I Eq.([45])
g: qgg(x“)g?)g(x“)qgl(m“) : +0 (as no e.t.c.)

~ —iqx o At iq.r — 7 2
f\/m Ggqe™ " + ay, e TT) = go + day
Useful notations: ¢2 = f \/W(d T 4G T +“Lx) = ¢£|— =+ ¢£‘+

Using respectively Eq. ., Eq. and Eq., one finds,

AW = (- /d4:rg < IyIC) b4 (@) dos(a®)  d1-(a”) ()1 > (0> ..). ([46])

creates (anti-)part. P2(C) annihilates P

Actions of the fields must be considered on the ket to allow a diagrammatic interpretation

(in space-time diagrams), as below.

Feynman diagram:

Py
/
/
/
//
/ p;z
/
/
P -=---- - -—--dY
ku N
\\Pﬂ
\
\
\
\
Py
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Such a diagram permits a physical interpretation of the whole reaction amplitude as

well as the model Lagrangian.

7.2.3 Next order terms

—ig)? A A
A® = ( 2,9) < 1§1§?y/d4x1/d4x2 7l Ldodile, ¢ Bhdadiley |11 >

Using Eq.([2]),

F )2
. I
A = 0 322 [ty [ dte ridlbadnle dladilalene k>

Then through Eq.([45]) and the Wick contraction definitions or vanishing properties, we
obtain that

—i0)? N A A
A = CH 3] [ dtaaten | il dlninl,

+: Ohdadile, P)0201]as : + 1 Bhd201]z, Ghd2th1ley : + 1 Gh20 |, Pld2d1las ¢
+ {terms with more Wick contractions} } 11> .

Focusing on the first term of this expression and on the Hilbert space of the particle of
species 1 (associated to qgl), the found contribution is proportional to,

<O (a1q +al,) (arg +aly) « 1} >=< 0"(a1glng + al,1g + al,a1g + al,al )1} >

=< 0Y(a14G14 + 0+ 0+ 0)|1} >=< 0'a14/0' >= 0,

where we have used the compact notation for quantum states and Eq.. Similarly, the
three terms (with a single pair contraction each) on the second line vanish as well since
only a power one of the ¢ field can lead to < 0'a1g|1' > o < 0'|0! ># 0 respectively
due to Eq. and Eq.. As for the terms of the third line, more Wick contractions
will not help against those considerations so that they are also vanishing. Hence, we
find that A?) =0 = A" [n integer].

Let us now move to the next order term:

- \3
ig i N o o
40 _ 3|) < 1§1§,/d4x1 Aoy d s T[: Gldadi|e, o Phdadile, 2 Dhbadiles 1} >

Once more, via Eq.([44]), one obtains,

—iqg)3 5 A A A
A® = 3,9) <1212 / dhxy dey dias T[BS 0201, DhD2d1|ws PoP2t |usleyre. |11 >,
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and in turn — keeping in mind that only the field configuration of Eq.([46]) permits a
non-vanishing resulting amplitude — Eq.([45])) leads to,

A®) = (—ig)® < 1212 /d49€1 d'zy das {f PyD201 |0y Pr D201 ]y Dob2b1 |y -
+: Phdodi|e, Phbadiley Bydadiles :  [Aali]
+ $£$2é1|$1 §££¢92¢31|$2 qg;ébé?ﬂxs : [AQIjl]
+: &;é&ﬁﬂxl &;@52@%1&2 é;é2¢31|w3 : [BZII]

+: <ZBJ£$2¢T51|M Dy badi e (Z};(f;%%l’m 0 [Boll]

+: ¢>£¢2¢1!m ¢£¢2q|51\x2 ?£¢2¢1‘x3 1k > [BoIII]

For the first term (without Wick contractions), the factorised part
272 1. 2 7 7 1
< L1 o1(a))dr(ah)dr(ah) : |1 >
can only contain the following vanishing terms,

< 0Y@14d14d14]1} >=0,
< 0Ydr4¢1461-|1} >=0,
< 0Yp11pr-p1-|1} >=0,
<0Yp1-p1-p1-|1} >=0.

Regarding the second term (second line) above, we observe that [first renaming zo <> 3]
[ ][ dteratesdtas: ldainle dhuinlun il
= |

= ///d4x1 d4l‘3 d4£L'2 : q@%gfgnggﬂm $£é2¢31|x3 €%£¢§2§£1|m2 :

= ///d%l d*ry d*es : qz%%éﬁ!%%ﬂm ¢3£¢32¢31|x2 Q}E@zd}ﬂxs :

so that a factor 3 can take into account the basic position permutations. Similarly [first

renaming p < s
///d4$1 d*ry dzs : €5£<52<51|z1 ¢A5£<52¢A>1|m §££§2’2¢§1|13 :
=" |
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- ///d41:2 dhay d*zs : 30201 0y DhD201 |0y PhP2P1 |y -

= [ [ [t dtesdtas: dlbninlun dbdadiler bl
== |

which could be shown directly as well (using time-ordering definition) and which leads
here to a factor 2 for taking into account the order permutations. In conclusion, including
the order permutations and position permutations is equivalent to multiply by a factor
2 x 3 which compensates exactly the factor 1/3! from the perturbation series form [as
already considered in Eq.]. Identical factors hold for the other terms, allowing to
get rid of the same factor 1/3!.

Now let us focus on the calculation of the last term (last line), namely the term
BoIll, in Eq. [using in particular Eq. to make the propagators arise|:

~

3 . 5 3 5
AR = (—ig)* < 1212 / d'zy d*zo d ey ()Y (2h) dos () i (22 ()
iGo(zh —2)1 iGo (2 —a§)1 iG1 (zh —af)1

Sh(@l)da(ah) Ga(@l)Dh(ah) Sr(h)dn(ah) |1} > ([48])

Feynman diagram for the term BoIIl;:

Assuming the 4-momentum conservation (to be demonstrated later on, as a result of

the formalism), we can draw for instance the two following diagrams.

Py (p”) Py(p”)
/ /
a4 ‘4
‘/:E2 /,1:2
P —at) S Py -t
Py (k+ uf L P, (" Py (k+ E/V( :
O (7 o S I R WA S/
~. ! ! >
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The two above diagrams are physically equivalent [same intermediate 4-momentum

ranges span due to the summation over the new 4-momentum ¢* to be found in Eq.([52]))].

Feynman diagram for the term As/;:

P§ Py(p}y))
o
// -7 \\
7
/) ;7 N
A ’ '
/ / \
/ p# / \
/ \
/ ! \
P ———-—-+ R € I E—— ———————-
ki \ ' Pi(ky) !
\ \ /
Pu \ /
\ \ /
\ \ it
\ \\\ L
\ P \\\<_,’
/
2 Py(+p)

Feynman diagrams respectively for the terms AsI1ly, Boly, Bolly:

Py P Py
)
[ Py -4 5 Pip - g a8
R \ \
- \\ 1 \. / \. al
1.2 \\,/ P]_ \ \\( \\(
Py * g™ LSRN
\ \\ \\
\ N N
Py Py P

7.3 Amplitude calculation

Using Eq. and Eq., as well as the 3-momentum replacement (induced by the
Dirac delta function integration) in the classical expression of the energy for the free
field (fixed below Eq.([16]]) for the real field):

" =B =/ +mi o \JR2+mi= By = k0, (39)
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where the last equality (that will allow to recover a Lorentz product form k.x;) is in-
duced by the free and in turn classical nature of the initial particle [as stated above
Eq. when we were describing the physical context of the decay reaction ampli-
tude calculation], we find that [easier to first consider the 3 calculations in the separate
Hilbert spaces, without compact notation with respect to the spaces associated to dif-

ferent (anti)particle species],

N d3 ) 27)3
< 0Hgr_ (o)1}, >=< 01|/q a1ge " ( ‘7;) al, |0 >

V (2m)32E,

d —ig.x1 .
=< 01|/ q.°c <5<3>((j— k) +&1ka1q>|01>=< 0|

e*’ik;wl ‘01

1
V2ELV

n 1 —1ip. " _ 1 ip.
do(zh)|12 > = N 202> = < 12|gh|4 (ah)]0% >= Ty ¢ < 02]02 >
|- ()12 > = 2}%/‘/6 s |02> = < 12| oy (24)[02 >= ngv et < (12102 >

([50])

which allows to write down the amplitude at first order, using the relation E| FT.(1;) =
276 (p):

Eq.([46]) : AW i9) / d*r < 0% < 0%|0" > e e ore
q. = (—19 x
~ V2ELY \2E,V \/2E,V
1 1 1

=|(~ig) 2m)* 6W(k, — p, — p}) ([51])

V2ELV \2E,V \/2E,V

Therefore, we find the global 4-momentum conservation mentioned previously [below

Eq.([48])]. The dimensional analysis of the worked out amplitude goes like,

3
AV = [glie) (11;]3) = (BB B = (B =1.

Eq.([50]) also permits to write the term considered at the next non-vanishing higher
order,

d*zy d*zy d*xs
VV32E,2E, 2B,
X iGz(—xl + x2> iGQ(l’l — 1‘3) iGl(xg — 1‘3) .

—ik.x1+ip.aa+ip’.x3

3 .
Eq.[@B]) : AR, = (—ig)?

3The Fourier transformation (F.T.) involved in this formula undergoes the mathematical convention
where neither 7 nor numerical factors are included in the transformation.
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Using Eq.([29]bis)), one can then rewrite this term making the z; 2 3-dependences explicit:

d4x1 d4.%'2 d4:(}3

A(3) — _Z 3

G N CF T TRTm

/ diqr diqo dqs
(2m)t (2m)t (2m)4

—ik.x1+ip.catip’.x3

e~ ia1-(z2—x1)—ig2.(21—73) —ig3.(v2—x3) iGg(q’f) iGQ(qg) iGl(qg)

dqr diqs dqs

5(4)k.1/_ Vgt 64_1/+ vy v 5(4)_,1,_ v v
VV32E,2E,2Ey ( g1 +az) 0" (—=p" + a1 +g5) (—p a5 —q3)

6(4>(k”:;"—p’”)
x iGa(qY) iGa(dy) iG1(ds)

= (—ig)’

where we have used once again the equality, F.T.(1,;) = 27d(p), and also the specific

choice of summing the three following relations,

0= k- +¢
0= —p"+q+d¢
0= —p"—¢ —d

At this level, we find E] the 4-momentum conservation at each vertex mentioned
previously [below Eq.([48])], as illustrated by the following Feynman diagram.

Feynman diagram:

Py (p”)
/
/!O‘
2
d
Ga(qy) -7
v
Pi(kH) - p— -0 G1(g¥
~

time \

Ag)lll — (—ig)B/ d4(]1 d4q3 5(4)(_p1/ + qlu + qg) 54(ku _pu _p/l/)
2 VV32E;,2E,2E,

4Up to the arrows.
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x iGa(q)) iGa(q) — k") iG1(qh)

(2m)" / q 69 (k Bl i <
- — Go(p* — ™) iGo([p* — g — kM) iG4 (g
\/V32Ek2E 2E =P = p") G2 (p" = ¢") G2 — ¢F] = k) iGa(d")

([52])

after renaming ¢§ into ¢/ in the last line. Here the continuous summation over the
intermediate 4-momentum ¢* can be interpreted as a sum of probability amplitudes, all
contributing to the studied amplitude of transition between initial and final quantum

states. The dimensional analysis of Eq.([52]) goes like,

3
481, ] = 1P (le]a) EIAE (1B172)° = [EPEPEEE) = [0 =1,

The intermediate 4-momenta q{'’, g5, ¢ (or ¢*) involved in the last Feynman diagram
arise in the calculation from Fourier transformations and constitute thus mathematical
variables which have no reason to be physically limited to classical relations, so that one

can possibly have quantum fluctuations:
au# M, a3 #m3, ai #m3.

This result of the QFT formalism shows that the so-called ‘loop’ (= closed intermediate
momentum flow) appearing in this Feynman diagram [triangular loop here] represents a
quantum correction to the amplitude (between the given initial and final states). This
feature may be explicit diagrammatically. The precise amount of quantum fluctuation is
driven by the Heisenberg principle of uncertainty. Intermediate 4-momenta also undergo
quantum fluctuations in tree-level diagrams, as for instance the 4-momentum of the vir-
tual Z-boson [or possibly heavy modes like new physics states of the kind Z’] exchanged
in the s-channel of the electron-positron scattering (eTe™ — eTe™) experimentally stud-

ied at the LEP collider: pole resonance of the cross section corresponding to the classical

situation, p2 = M?2. Here are Feynman diagrams for this Bhabha scattering:
z A Y g g
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In contrast, the initial 4-momentum k* and final 4-momenta p#, p’* of the calculation
come from the free field expressions [see Eq.] (exponential dependences in Eq.(|[50])
changed to Dirac delta functions in the results of Eq.([51]),([52]) through Fourier trans-

formation applications) and obey the classical relations,
Bk = (K7 = (W2 () = 92 = M}, p2=m3, p2=m},  (40)

as stated above Eq. when describing the physical reaction context. Particles sa-
tisfying the classical relation of type are called ‘on-shell’, ‘real’ or ‘classical’ (in
contrast with ‘off-shell’, ‘virtual’ or ‘quantum’ particles) since this kind of relation de-
scribes geometrically an hyper-sphere in space-time [let us recall in comparison some
generic R-radius sphere equation: x? + y% + 22 = R?].

Therefore, the conservation of the intermediate 4-momenta can be considered as a
QFT result, in the sense that those 4-momenta do not constitute classical eigenvalues
(as seen just above) of the type: chlassical =< Q% >, or < H > which is conserved in

Quantum Mechanics as a consequence of the Ehrenfest theorem:

d - 1, o~ - OH
7 WOIH@) = = (H, HD ) + (G ey =0+0=0,

remaining true within the Heisenberg picture [time-dependent operators].

7.4 Generalisation to Feynman rules

The obtained results generalise to Feynman rules which allow to understand and start
easily the calculation of any amplitude at order (n), for transitions |i > — |f >: it

generically reads as,

1 1
A® = (2 45<4>< kY — ”) 11, I1 M
g = emt Bk Ef:pf V2BV Ry

where the last amplitude part can be directly obtained via the Feynman rules given
in the following table. The Feynman rules are thus powerful in the sense that those
avoid to apply the full Wick’s theorem approach for calculating transition amplitudes.
Some Feynman diagrams, like the one representing the contribution of the Aslly
term and drawn at the end of Section (first one of the three horizontal diagrams:
on the extreme left-side), exhibit some pure divergences (not only a pole inside some
possibly convergent integration, as discussed in the propagator section). This diagram is
called 1-Particle Reducible (1PR) since a cut of the intermediate P; particle leg (between

the events z¢ and %) would lead to two separate diagrams. The 4-momentum that
1 3
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is propagating along this leg is the same as the initial particle 4-momentum: k*, as
induced by the 4-momentum conservation. Hence, the associated amplitude contains
the following propagator,

1

with k2 = M? due to the classical nature of the initial state [discussed at the end of

previous subsection: see Eq.]. Such divergent contributions to the amplitude must

be ‘renormalised’. The renormalisation process is beyond the scope of the present QFT

course.
Name (interpretation) | Diagram pattern 1M content
P, 7
———-a
Vertex N “—qg if LT=—g qggaggqgl
(coupling) (“—idl X7 if Lp=—X oY)

Intermediate leg / iG(q.) = i/(qz - mz)
(propagator)

Loop \ fd4q / (2m)*

(exchange)

$okok
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